We introduce new functional spaces that generalize the weighted Bergman and Dirichlet spaces on the disk D(0, R) in the complex plane and the Bargmann-Fock spaces on the whole complex plane. We give a complete description of the considered spaces. Mainly, we are interested in giving explicit formulas for their reproducing kernel functions and their asymptotic behavior as R goes to infinity.
Introduction and main results
Let D be the unit disk in the complex plane C and denote by D γ ; γ ∈ R, the functional space of all analytic functions f (z) = +∞ n=0 a n z n on D such that its norm f γ is finite, where
Thus for special values γ = −1, γ = 0 and γ = 1 we have the Bergman, Hardy and Dirichlet space, respectively. More general, D γ is a weighted Bergman space when γ < 0 and a weighted Dirichlet space when γ > 0. Such spaces play important roles in function theory and operator theory, as well as in modern analysis, probability and statistical analysis. For a nice introduction and surveys of these spaces in the context function and operator theories, see [4, 5, 7, 1] and the references therein. Added to the sequential characterization, the weighted Bergman space can be described differently. It can be realized as the (1 − |z| 2 ) α dλ square integrable functions on D that are holomorphic on D 
where dλ(z) = dxdy = i 2 dz ∧ dz with z = x + iy; x, y ∈ R, is the two dimensional Lebesgue area measure. The corresponding reproducing kernel is known to be given through
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The reproducing kernel of the classical Dirichlet space with respect to this norm is known to be given by [1] K(z; w)
In this paper, we intend to introduce and study two new classes of functional spaces on the disc D R of radius R as well as on C, labeled by some fixed nonnegative integer m. The first one on D R is denoted A 
Moreover, a function f (z) = +∞ n=0 a n z n belongs to B 
Motivated by the fact that the flat hermitain geometry on C can be approximated by the complex hyperbolic geometry of the disks D R of radius R > 0 associated to an appropriate scaled Bergman Kähler metric [2] (see Section 4), we show that the spaces B 
Weighted Bergman-Dirichlet spaces of order m on the disk D R
Denote by D R = {z ∈ C; |z| < R} the disk of radius R > 0 in the complex plane C.
be the space of complex valued functions on D R that are square-integrable with respect to the density measure
dλ being the two dimensional Lebesgue area measure on C. The space L 2 (D R ; dµ α,R ) is a Hilbert space in the norm
corresponding to the hermitian scaler product
By Hol(D R ), we denote the vector space of all convergent entire series f (z) = +∞ n=0 a n z n on D R . Note that, for a given
where
2,m , with the convention that f 1,0 (z) = 0 when m = 0. Thus for any fixed nonnegative integer m, we consider the functional space A
We denote by , α,m,R the associated hermitian scalar product defined by
for given f, g ∈ A (ii) The monomials e n (z) = z n belong to A
Proof. For (i), we distinguish three cases. Indeed, we have
This reduces further to the computation of e n , e k α,R , which can be handled using polar coordinates z = rRe iθ with r ∈ [0, 1[ and θ ∈ [0, 2π[. Thus, we have
By means of Fubini-Tonelli theorem, we get
Whence in view of (14), we conclude that e n , e k α,m,R = 0 for n k. The proof of (ii) follows by taking k = n in (15) and next making use of the change t = r 2 . Indeed, we obtain e n 2 α,R = πR
The involved integral is then a special case of the well known Euler Beta function [3, p. 18] B(x, y) :
provided that ℜ(x) > 0 and ℜ(y) > 0. Therefore, the norm e n α,m,R is finite if and only if α > −1. In this case, we have
By substituting this in (14), it follows
Thus the proof is completed.
The first main result of this section is the following 
Proof. Lemma 2.1 shows that the monomials z n belong to A This implies that |a n | 2 e n 2 α,m,R < +∞ for every n and in particular for certain n 0 for which a n 0 0. Thus from (ii) of Lemma 2.1, we deduce that α > −1. From now on we assume that α > −1.
Lemma 2.5. For every fixed m, the space
for every f ∈ A
In particular, A
2,α R,m (D R ) is continuously embedded in the weighted Bergman space
A 2,α R (D R ) = A 2,α R,0 (D R ).
Proof. According to Lemma 2.2, any f
α,m+1,R < +∞; e n (z) = z n .
Now by means of (13), we get
and therefore e n 2 α,m+1,R ≥ min 1,
where the constant C α,R,m is independent of n. It is given by
Thus, it follows
This implies in particular that f 
Thus, we have f, e n α,m,R = 0 for every n. Now, since
f, e n α,m,R = a n
it follows that a n = 0 for all n ≥ 0. This proves
and therefore
In order to prove that A 
By the Cauchy-Schwartz inequality, we get
Thence, f satisfies the pointwise estimate | f (z)| ≤ C z f α,m,R , where C z stands for
Thus, the evaluation mapping
is a reproducing kernel Hilbert space by Riesz representation theorem, whose the reproducing kernel function is given explicitly in terms of the 3 F 2 -hypergeometric function [3, Chapter 5],
is the Pochhammer symbol. Namely, wa have the following.
Proposition 2.8. The reproducing kernel of
Proof. Recall from above that (z n ) n≥0 is an orthogonal basis of the reproducing kernel Hilbert space A More explicitly, we have
By means of (α + 1)Γ(α + 1) = Γ(α + 2) and the change of index n − m = p, we get
This completes the proof. 
thanks to the transformation [6, p. 109]
We conclude this section by noting that the proof of Theorem 1.1, stated in the introductory section, is contained in the previous established results (essentially Lemmas 2.7 and 2.2, and Propositions 2.6 and 2.8).
Weighted Bargmann-Dirichlet spaces of order m on the complex plane
Fix a real number ν > 0 and denote by L 2 (C; e −ν|z| 2 dλ) the usual Hilbert space of all square-integrable functions on C with respect to the Gaussian mesure dµ ν (z) = e −ν|z| 2 dλ(z). The hermitian inner product is defined by
and the associated norm by 
Proof. By definition (21) of · ν,m , it is not difficult to see that e n , e k ν,m := e n , e k ν when n, k < m, e n , e k ν,m := Proof. It is similar to the one given for Lemma 2.5.
Thanks to the previous obtained results, one can proceed exactly as in the proof of Proposition 2.6 and Lemma 2.7 to show the following
